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Adereg Xpnong

o To mopdv ekmoaudeutikd VALkS vtdkeltol oe ddeleg xprong Creative
Commons.

o o ekTodevuTikd VALKS,OTIWC LKOVEC, IOV LTIOKELTOL € AAAOV TUTIOV
&detog xpniong, n ddetar XpNong oLvalpépeTall pNTAG.
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XpnpotodoétTnon

o To mopdv ekmoudeutikd VALKS éxel avartuxBel otol ool Tov
ekTodeuTikov £pyou Tou SiddokovTa.

@ To épyo Avowktd Axkadnuoukd Mabfhuata oto ApiototéAelo
MoawveTiotulo Ocoocalovikng éxel Xpnuatodotrosl Lévo Tnv
VOLBLOLOPPWOT TOV EKTLOULSEVUTIKOU UALKOU.

@ To épyo vdomoleitow oto TAaiclo Tov Emiyelpnolokod
Mpoypdupatoc ‘Exmaidevon ko Ao Biov MdbBnon kow
ovyxpnuatodoteitow aro tnv Evpwnoikt ‘Evwon (Evpwtoikd
Kowwwviké Topeio) kou amd eBvikoig mdpoug.
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MepLexdpeva Evétntog

Ewoaywyq.

ATtAéc ko nuiamthec Lie dlyePpec.
MeptpdArovoec &AyePpec.

Aopn Hopf.

Avamopootdoeig kaw modules.

Mopodetyportor Qopoy®V.
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2 kool Evéotmrog

o Eloaywy1 TV METATITUXLOKOV QOLTNTOV OTNV EAETT KO OTLE
TeEXVIKEC AAYEBPOV LN TPOOETOUPLOTIKOV OTIwG etvai ov Lie dAyefpeg.
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Definition of an Algebra

F = Field of characteristic 0 (ex R, C),
o, B,...€¢Fand x, y,...€ A

Definition of an Algebra A

A is a F-vector space with an additional distributive binary operation or
product

AxX A3 (xy) S m(x,y)=xxyc A

@ [F-vector space
ax = xa, (a+ B)x = ax+ Bx, a(x+y) = ax + ay
o distributivity
(x+y)xz=xxz+yxz, xx(y+z)=x*xy+x%*z
a(x*y) = (ax) xy = x* (ay) = (x * y)o

associative algebra = (x *x y) x z = x * (y * 2),
NON associative algebra = (x * y) * z # x * (y * 2)
commutative algebra = x x y = y * x,
NON commutative algebra = x xy # y * x
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F = Field of characteristic 0 (ex R, C),
g = F-Algebra with a product or bracket or commutator
a,B,...€Fandx,y,...€g

gxg3(x,y)—x,yl€g

Definition :Lie algebra Axioms

N ops e lax+ By, z] = alx, 2]+ By, Z]
(L-i) bi-linearity: [x, ay + B2] = a[x, y] + B[x, 7]
(L-ii) anti-commutativity: [x, y] = —[y, x] & [x,x] =0
(L-iii) Jacobi identity: [x, [y, z]] + [y, [z, x]] + [z, [x, y]] =0
or Leibnitz rule: [x, [y, z]] = [[x, v], z] + [y, [x, 2]]
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Examples of Lie algebras (1)

(i) g ={X,¥,...} real vector space R3
X, Yl =xxy

(i) A associative F- algebra ~» A a Lie algebra with commutator
[A, Bl]=AB—BA
(iii) Angular Momentum in Quantum Mechanics
operators on

L1, Ly, L3 analytic (holomorphic) f(x,y,z)
functions
Ly = g—zg L—zz—xg L—xz— 9
1= %, oy’ 27 “ox 027 T dy Y ax

g =span{Ly, L2, L3}

[L,', Lj] = L,' o Lj - Lj o L,‘
~ [Ll, L2] = —L3, [L2, L3] = —L1, [L3, Ll] - —L2
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Examples of Lie algebras (2)

(iv) V = F-vector space, dim V = n < oo
b bilinear form on V

b: VxV>s(v,w) — b(u,v)eF

b(au + Bv,w) = ab(u,w) + Bb(v, w)
b(u, v + pw) = ab(u, v) + Sb(u, w)

o (V, b) = Orthogonal Lie algebra = the set of all T € End V
b(u, Tv) + b(Tu,v) =0
[T, )] =T1ioTo—Tao Ty
Tiand T, €0(V,b) ~ [T1, To] €0(V,b)
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Matrix Formulation for bilinear forms

ai bl
an _ b2
Voa<+—a= ||, (30b) :Za,b,:(ah a, .| .
an b,
My My o My,
My My - My, B B
End(V)> M +— M= ~ (Mg, B) = (3, M"B)
Mnl Mn2 Mnn
bilinear form b <— B matrix n x n ~» b(x, y) = (X, By) J
M e O(V,b)
b(Mx, My) = b(x,y) e~ M'BM =B « M"bM = b
T €o(V,b)
b(Tx, y)+ b(x, Ty) =0 es TUB+BT = 0pyp ~> TFb+bT =0
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Poisson algebra

(v) A Poisson algebra is a vector space over a field F equipped with two
bilinear products, - and {, }, having the following properties:

(a) The product - forms an associative (commutative) F-algebra.

(b) The product {, }, called the Poisson bracket, forms a Lie algebra, and
so it is anti-symmetric, and obeys the Jacobi identity.

(c) The Poisson bracket acts as a derivation of the associative product -, so
that for any three elements x, y and z in the algebra, one has
{xy-zt={xy}-z+y-{xz}

Example: Poisson algebra on a Poisson manifold

M is a manifold, C°°(M) the "smooth"” /analytic (complex) functions

on the manifold.

_ ) of 9j
{f.g} = zij:wu(x)axiaxg

Owij; Owji Owyi
wij(x) = —wji(x), Z <wkmaxj + Wim 8xJ + Wjm 8xk > =0
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Structure Constants

g :Span(el’ €2, -+, en) =Fe; +Fer 4 --- 4+ Fe,
n
lei, 6] = Z c,-j‘- ex = c,f ek, cg +—> structure constants
k=1
(L-i) bi-linearity
(L-ii) anti-commutativity' c = —cJ’f
(L-iii) Jacobi identity: c/7 ct —|— ¢kCmi + ki€ mJ =0

summation on color indices

(A.N.©.) Avarnopootocets AlyeBpwv Lie 12 /131



gl(V) algebra

V = F-vector space, dim V = n < oo

general linear algebra gl(V)

gl(V) = End(V) = endomorphisms on V dimgl(V) = n?
gl(V) is a Lie algebra with commutator [A, B] = AB — BA

gl(C") = gl(n,C) = M,(C) = complex n x n matrices

Standard basis

Standard basis for gl(n, C) = matrices Ej; (1 in the (i, /) position, 0
elsewhere) [E,'j, Ekg] = 6jkE,'g — 5i€Ekj
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General Linear Group

GL(n,F) =invertible n x n matrices
M € GL(n,F) «~ det M # 0 J

GL(n,C) is an analytic manifold of dim n?> AND a group. J

The group multiplication is a continuous application G x G — G
The group inversion is a continuous application G — G

Definition of the Lie algebra from the Lie group

g(n, C) =T (GL(I‘I, (C))

X(t) € GL(n,C)
X(t) smooth trajectory } = {X'(0) = x € gl(n,C)}
X(0) =T

Definition of a Lie group from a Lie algebra

o0

{x e gl(n,C)} = {X(t) =¥ = Z ;—,;x” € GL(n,IE")}

n=0
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Jordan decomposition

Jordan decomposition

o Acgl(V) ~ A= As+ An, [As, An] = AsA, — ARAs =0
o A, diagonal matrix (or semisimple)
e A, nilpotent matrix (A,)™ = 0, the decomposition is unique

X = Xs + Xp

A0 0 0
) . 0 XN O 0
xs diagonal matrix = 0 =
0 0 O An
eM 0 0 ... 0
A2
e; diagonal matrix = 0 e 0 - 8
0 0 0 .ot
-1
]
k=0
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Lie algebra of the (Lie) group of isometries

V' F-vector space, b : V ® V — C bilinear form
O(V, b)=group of isometries on V i.e.
O(V,b)> M : VT> V ~s b(Mu, Mv) = b(u,v)
M(t) smooth trajectory € O(V,b) -
M(0) =1
M'(0) =T € o(V, b) = Lie algebra
= b(Tu,v)+ b(u, Tv) =0
= T"h+bT =0

group of isometries O(V/, b) — Lie algebra o(V/, b) = Ty (O(V, b)) )

The Lie algebra o(V/, b) is the tangent space of the manifold O(V/, b) at
the unity T J
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Classical Lie Algebras (1)

or sl(¢ +1,C) or special linear algebra
Def: (/4 1) x (£+ 1) complex matrices T with Tr T =0
Dimension = dim(A;) = (£ +1)?> — 1 =£(£ +2)

Standard Basis: E,:,' iFE L j=12...0+1 H;=E;— Eit1it1

(A.N.©.) Avarnopootocets AlyeBpwv Lie
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Classical Lie Algebras (2)

or sp(2¢,C) or symplectic algebra

Def: (2¢) x (2¢) complex matrices T with Tr T = 0 leaving infinitesimally

invariant the bilinear form
0, I
b<+— < 1, 0o, >

U, vV ec
T ¢ 5p(26.C) }W b(U, TV) + b(TU, V) =0

F_(M N\ [Nr=N,

T\ P -MT Pr =P

bT +T"b=0 ~ bTb ' =—T"

(A.N.8.)
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Classical Lie Algebras (3)

or 0(2¢ 4+ 1,C) or (odd) orthogonal algebra

Def: (20 + 1) x (2¢ + 1) complex matrices T with Tr T = 0 leaving
infinitesimally invariant the bilinear form

1 0 0
b« | 0" 0, T,
ﬁtr I, 0Oy
0=(0,0,...,0)
U, vec*

T €0(20+1,C) } ~ b(U, TV)+ b(TU, V) =0

0 b ¢ o
T—| e M N W{Ntr—_N’
B P —M" =T

(A.N.©.) Avarnopootocets AlyeBpwv Lie
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Classical Lie Algebras (4)

or 0(2¢,C) or (even) orthogonal algebra

Def: (2¢) x (2¢) complex matrices T with Tr T = 0 leaving infinitesimally

invariant the bilinear form
0, I,
b < I, 0 )

U, vec?
P ) }W b(U, TV) + b(TU, V) = 0

F_(M N\ _[N=_N
“\rp M P = —P
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Subalgebras

Definition (Lie subalgebra)

(i) b vector subspace of g

h Lie subalgebra g <y 1y 1 o g

Examples of gl(n, C) subalgebras
Diagonal matrices ?(n, C)= matrices with diagonal elements only

[0(n,C), d(n,C)] =0, C d(n,C)

Upper triangular matrices t(n, C),
Strictly Upper triangular matrices n(n, C),

n(n,C) C t(n,C)
[t(n,C), t(n,C)] C n(n,C), [n(n,C), n(n,C)] C n(n,C)
[n(n,C), t(n,C)] C n(n,C)
ex. sl(2,C) Lie subalgebra of s((3,C)
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Algebra s[(2,C) = span (h, x, y)

[h, x]=2x [h,y]==2y [x,y]=h

ex. 2 X 2 matrices with trace 0

=[o 4] =[5 0] = [3 3]

ex. first derivative operators acting on polynomials of order n

h:zé—ﬁ x:zzé—nz, _9

0z 2’ 0z y_8z
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Algebra 5[(376) = Span(hh h27 X1, Y1, X2, Y2, X3, )/3)

[h17 h2] =0
[h1, x1] = 2x1,
[h1, x2] = —x,
[h1, x3] = x3,
[h2, x2] = 2xo,
[h2, x1] = —xi1,
[h2, x3] = x3,
[x1, x2] = x3,
b1, yo] = —ys,
[X11 }’2] = 07
[X27 }’1] = 07
[x3, y1] = —x2,

ex. 3 X 3 matrices with trace 0

s

[=N=Ng

o oo

Avarnopaotaceig AAreBpwv Lie

o oo

o = o

[h1, y1] = —2y1,
[h1, y2] = y2,
[h1, y3] = —ys,

[h2, yo] = —2y»,
[h2, y1] = y1,
[h2, y3] = —ys,
[x1, x3] =0,
[y1, y3] =0,
[x1, y3] = =y,
[x2, y3] = 1,
[x3, yol = x1,

o
oc oo

[x1, ya] = ha,
[x2, yo] = ho,
[x2, x3] =0
[y2, ys] =0

[x3, y3] = h1 + h2

o oo

= o

coo

= o

o oo

o oo
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Definition (Ideal)

Z is a Lie subalgebra such that |[Z, g] C Z
(Center | Z(g) ={zcg: [7,0] =0}

Prop: The center is an ideal.
Prop: The derived algebra = Dg = [g, g] is an ideal.

Prop: If Z, J areideals = Z + J, [Z, J] and Z(\J are ideals.

T ideal of g ~ g/Z={x=x+Z : x€g}isa liealgebra

Kyl =[x yl=xyl+1
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Simple Ideals

Def: g is < g has only trivial ideals and [g, g] # {0}
(trivial ideals of g are the ideals {0} and g)

Def: g is & g, 9] = {0}

Prop: ‘ g/ [g, g] is abelian‘

Prop: ‘ g is simple Lie algebra = Z(g) =0 and g = [g, g]. ‘

Prop: ‘ The Classical Lie Algebras Ay, By, Cy, Dy are simple Lie Algebras ‘

(A.N.©.) Avarnopootocets AlyeBpwv Lie 25 /131



Direct Sum of Lie Algebras

g1, g1 Lie algebras
direct sum g ® g2= g1 X g2 with the following structure:

ax1, x2) + B(y1, y2) = (ax1 + Byr, axa + By»)

~ g1 @ go vector space

commutator definition: [(x1,x2), (v1,y2)] = ([x1, w1l [x2, y2])

Prop: ’ g1 go is a Lie algebra‘

(0,0) = 01 W{(gl,om(o,gﬁz{(o,o» o g1g2 =0
(0,02) =~ 02 [(81,0), (0,92)] = {(0,0)} &~ [g1, 92] =0

Prop: ’gl and g, are ideals of g1 @gz‘

a, b ideals of g
Prop: a(b = {0} w{a@bHa+b}w{a@b:g}
a+b=g =0

(A.N.©.) Avarnopootocets AlyeBpwv Lie 26 / 131



Lie homomorphisms

homomorphism:

b (i) ¢ linear
T {<n> 6 ([x, ¥]) = [6(x), $(»)]

epimorphism: Im ¢ = ¢

monomorphism: Ker ¢ = {0},
automorphism: iso+ {g =g’}

isomorphism: mono-+ epi,
Prop: Ker¢ is an ideal of g
Prop: Im ¢ = ¢(g) is Lie subalgebra of g’

J ideal of g ] )

. P ~ canonical map is a
LY (e ) —== ()3 Lie epimorphism
m(x)=Xx=x+7

27 / 131
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Linear homomorphism theorem

V, U, W linear spaces
f: V—Uandg : V—W linear maps
f f epi Iy
4 /U {KerfCKerg }w{g:wof}
s
8 s
lk v
w
Kervp = f (Kerg)
v
Corollary
f f
V—=U V——U
s 7
s ;o
s ¥ A
w w
7 3 = 3! iso : g= f ~ W
{ f epi, g epi, Kerf= Kerg }w{ Y iso . g=1of, Uiso }
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Lie ho orphism theorem

g, b, [ Lie spaces, ¢ : g—>bh and p : g—I Lie homomorphisms
epi

[ ¢ Lie-epi, 314 : Lie-homo
—=b {KerqSCKerp }W{ p=vod }

Corollary

¢

g——>5h
l / ‘
s/ v/

P p
/ l 7 =0
¥ [/ e

{ ¢ Lie-epi, p Lie-epi, Ker¢p = Kerp }w{ 39 o Lieisop=1po¢, h~1 }
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First isomorphism theorem

Theorem (First isomorphism theorem)

¢ : g— ¢ Lie-homomorphism,

g
|
ad

#(9)

g/KeUb = 3J1¢ : g/Ker¢p — ¢(g) C g Lie-iso

#(9) =~ g/Ker¢
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Noether Theorems

g £ } (i) £/R ideal of g/R
PUNN

ideals of g
RCg (i) (a/8)/(£/8) = (a/£)

Theorem ( Noether Theorem (2nd isomorphism theor.))

{ ] £ }W {(ﬁ+£)/£ = ﬁ/(fmg)}

ideals of g
Parallelogram Low: A+ L
N
. N
. N
s AN
7 N
R Te
A s
N s
N\ s
N
ANL
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Derivations

A an F—algebra (not necessary associative) with product ¢

AxA> (a,b) — adbe A

¢ bilinear mapping, 0 is a derivation of A if 9 is a linear map A2 4
satisfying the Leibnitz property:

9 (A0B) = A0 (9(B)) + (9(A)) 0B

Der (A) = all derivations on A

Prop: | ®er(A) is a Lie Algebra C gl(.A) with commutator
[0, 9] (A) = 8(5'(A)) — &' (9(A))
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Derivations on a Lie algebra

g a F— Lie algebra, 0 is a Lie derivation of g if 9 is a linear map:
g> x -2 d(x) €g

satisfying the Leibnitz property : 9 ([x, y]) = [0 (x), y] + [x, 9 (¥)]
Der (g) = all derivations on g

Prop: | ®er(g) is a Lie Algebra C gl(g) with commutator
[0, 7] (x) = 0(8'(x)) — ' (9(x))

n

Prop: | € Der(g) - 0" ([x, y)) = 3 (k) [%(x), 6"~ *(x)]

Prop: |6 € Der(g) ~ € ([x, y]) = [¢°(x), €°(y)] ~~ €® € Aut(g)

Proposition

¢(t) smooth monoparametric familly in Aut(g) and ¢(0) = Id ~~
¢'(0) € Der(g)

(A.N.©.) Avarnopooctocels AlyeBpwv Lie 33 /131



Adjoint Representation

Definition (Adjoint Representation)

Let x e gand ady : g — g : adx(y) =[x, y]

Prop: |ad}, ,; = [adx, ad,]

Prop: |ady = |J {ad,} Lie-subalgebra of Det(g)
X€g

Definition: Inner Derivations=ad,

Definition Outer Derivations= Det (g) \ad,

ad
) xXeg — _ ~ ; ¥
oo { iy | (b= o) - | ol |

Prop:

7 € Aut (g) e~ 7 ([x, ¥]) = [7(x), 7(¥)] ~ ad;(x) = Toady o 77

(A.N.©.) Avarnopooctocels AlyeBpwv Lie 34 /131



Matrix Form of the adjoint representation

g =span(e, €, ..., e,) =Ce; + Cer +--- + Ce,
n
lei, 6] = Z c,-j‘- ek, c,-f <> structure constants
Antlsymmetry c = cj’f
Jacobi identity ¢/7c ch + cJ",’(cf;,, + c,’j’,-cf;,j =0
ef=e cg ~ ee=e ep:ch;
k _ k _ _k
P; € gl(g) : |e*“.Pigj = (IP’,)J =c;i| ~

(A.N.©.) Avarnopootocets AlyeBpwv Lie 35 /131



Representations, Modules

V F-vector space, u,v,...€ V, a,08,...€F

Definition
Representation (p, V)

g3 x> p(x) € gl(V)

Vov Mp(x)v eV
p(x) Lie homomorphism

plax+By)= ap(x)+Bpy)
p([x, 1) = [p(x), p(y)] =
= p(x)oply) —ply) o p(x)

V =C" ~ p(x) € M,(C) = gl(V) =gl(C,n)
W C V invariant (stable) subspace

o p(g)W Cc W

e~ (p, W) is submodule «~ (p, W) < (p, V)

(A.N.©.)) Avarnopootocels AlyeBpwv Lie 36 / 131



1.pdf

|

(A.N.©.)

Avarnopaotaceis AAreBpwv Lie



Theorem (1)

W invariant subspace of V «~ (p, W) < (p, V)

(p, V)~ 3! ‘ induced representation‘ (p, V/W)

p@W W = 31p(x): V/W— V/W

V" VW

I
— p(x)l Co 1P e p(x) om =T o p(x)
SN

V—"V/W

Kerp=Cy(g) ={x€g: p(x)V ={0}}is an ideal
Kerad = C,q(g) = Z(g)= center of g
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Reducible and lrreducible representation

(p, V) ‘ irreducible/simple representation (irrep)‘
e~ A (non trivial) invariant subspaces

s p(gW W = W={0}orV

e [ (p, W) < (p,V) = W ={0} or V|

(p, V) ‘ reducible/semisimple representation‘

e |V =Vi®d VW, (p, V1) and (p, V) submodules

V=Vied W~ p(g)\/l C Vi, p(g)\/g Cc Vs

‘trivial representation ‘ s V=Fe«wdmV=1

(A.N.©.) Avarnopootocets AlyeBpwv Lie 39 /131



Induced Representation

(p, W) < (p, V)
V—"-V/W
~opl)| e 1Rk) e p(x) om =T o p(x)
Ny
V—"-V/W

p(x) is the induced representation

(A.N.©.) Avarnopootocets AlyeBpwv Lie 40 /131



Jordan Holder decomposition (1)

(p, W) < (p, V) and ’(ﬁ, V /W) not irrep nor trivial ‘
~3 (p,U) < (p,V/W) ~»WcCU=7rHU)CV

V—V/W
= ‘
~op() | 1p) e p(x) o = 7o p(x)

(w0 p(x)) (U) = (A(x) o 7) (U) = B(x) (U) € U = (V) ~ p(x)(U) C U
~ |(p, W) < (p, U) < (p, V)|

Theorem (Jordan Holder decomposition)

(p, V) representation

V=%w%DWDV,D> D Vn=A{0}, (p,Vi) - (p, Vit1)
(EV;/V,‘Hv Vi/ \/,-+1> irrep or trivial

(A.N.©.) Avarnopooctocels AlyeBpwv Lie
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Jordan Holder decomposition (2)
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Direct sum of representations

(p1, V1), (p2, V2) representations of g

Def: Direct sum of representations (p; & p2, Vi @ V2)
(p1@p2)(x) : VieVo— V1O V2

Vi Vo5 (V1, V2) —)(pl(X)Vl, pQ(X)Vz) ceViao W

VieVoswv+w —>p1(X)V1 aF pz(X)Vg eVio W,

1b.pdf o
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Theorem (Jordan- Holder)

Jordan- Holder ~~ Any representation of a simple Lie algebra is a direct
sum of simple representations or trivial representations
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Important

=—> The important is to study the simple representations!

Theorem (Jordan Holder decomposition)

(p, V) representation

V=W>oVW>VW>--D sz{o}' (pa\//)>_(p7vi+1)
(p‘/i/‘/i+1’ \/,-/\/,'+1> irrep or trivial

V=Vpi1®Vno/Vp1®---0Vi/Vod V/V,
P=Pm-1BPm-—2@ - Dp1SDpo

pm—1 = Pv,,_, trivial ,pj =Py, simple
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Tensor Product of linear spaces- Universal Definition

F field, F— vector spaces A, B

Tensor Product = is a [F-vector space AND a canonical bilinear
homomorphism

®:AxB—>AQ®B,

with the universal property.

Every F-bilinear form ¢ : Ax B — C,

lifts to a unique homomorphism ¢ : A® B — C,
such that ¢(a, b) = ¢(a ® b) for all a € A, b € B.

Diagramatically: A x B 2. AeB

| ~
¢ =)
bilinear Y

C
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Tensor product - Constructive Definition

Tensor product A ®p B can be constructed by taking the free F-vector
space generated by all formal symbols

a®b, a€A beB,

and quotienting by the bilinear relations:

(a1+a)®b=a1®b+ a® b,
a® (b1 + b)) =a® b +a® by,
r(a®@b) =(ra) ® b= a® (rb)

al,ap €A beB, acA bi,bbeB, relF
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Examples (1)

Examples: U and V linear spaces

u Vi
uz uz

u= . ey, v= . cV ~ u®v=
Up Vm
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uivo

UuivVm

uxvi
uzxv2

usvm

Unpvi

UunVvo

UnVm

eV
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Examples (2)

U € End(U), Ve End(V)

ui1 2 -+ Uin
uz1 uppp - Uzn
U=
U11V U12V ce uan
| Un1 Ug2 -+ Upp unV | unV |- | i,V
UV =
Vi1 Vig - Vim
Vo1 Voo PPN Vom ul‘l].%)7 UnZV e UnnV
V=
| Vm1 Vm2 - Vmm

U®VeEnd(U® V)
UeV)(vev)=Uue Vv
(U1 @ V1) (U @ Vy) =U1U; @ V1V,
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Tensor product of representations

(p1, V1), (p2, V2) repsesentations of the Lie algebra g.

iL
Tensor product representation <p1 ®p2, V1 ® Vg)

L
(p1®p2) (x) : VieaVo— Vi@ Vs

L
Vi vy — (Pl ®P2) (x) (i ® v)

IL
(p1 ®,02) (x) (vi ® v2) = p1(X)v1 ® va + v1 ® pa(x)va

(pl ém) (x) = p1(x) @ Id2 + Id1 ® p2(x)
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Dual representation

V* dual spaceof V, V¥ u* : Vov —u*.veC
(p, V) representation of g ~ 3! ‘dual representation‘ (PP, v¥)

pP(x) : V¥ 3 u* — pP(x)u* € v*

pP(x) = —p*(x) ~|pP(x)u*.v = —u*.p(x)v

pP(ax + By) = ap®(x) + BpP(y)
PP ([x, ¥]) = [pP(x), pP(y)]
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sl(2, C) representations (1)

sl(2,C) = span (h, x, y)
[h, x| =2x [h,y]==2y [x,y]=h

(p, V) irrep of sl(2,C)
Jordan decomposition ~» V = @ V,, X eigenvalue of p(h),

X
Vi =Ker (p(h) = AX[)™, ve Vi ~ p(h)v =Av, VAV, = {0}
If v eigenvector of p(h) with eigenvalue A ~» v € V),

~ p(x)v eigenvector with eigenvalue A + 2 ~» p(x)v € Vi1
~ p(y)v eigenvector with eigenvalue A — 2 ~» p(y)v € Vo2

p(h)v = Av ~ p(h)p(x)v = (A + 2)p(x)v and p(h)p(y)v = (A — 2)p(y)v

vy € V, v eigenvector of p(h) such that p(x)vg =0

)

If (p, V) is a finite dimensional representation of s[(2, C) then for every
z€5l(2,C) ~ Trp(z) =0

)
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sl(2, C) representations (2)

Let p(h)vo = uvp and p(x)vo =0~ In €N : p(y)" vy =0

P =0, vic =% (p(¥))* vo
p(h)vk = (p — 2k)vg

p(Y)Vic = (k +1)viss

p()vic = (1 — k + 1)1

W = span (vp,v1,...,vs) and p(z)W C WVzesl(2,C)
(p, W) submodule of (p, V)

n 0 0 0

0 wu—2 0 0
p(h)=1 0 0 w—4 0

0 0 0 w—2n

Trp(h)=0 ~u=n
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Theorem (2.1)

(p, V) irrep of 5l(2,C) < V = span(vo, v1,...,Vs)
p(x)vo =0, v = Kl (p(}/))k Vo
p(h)vk = (n — 2k) vy
p(y)vi = (k4 1)visa
p(xX)vik = (n— k +1)vk—1 ]

p(X)vk = pgvk ~ pk = n — 2k, uy are the weights of the representation.
pg=nn—2 n—4 ..., —n+4, —n+2 —n

n is the highest weight of the irrep
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Theorem (2.2)

p(x)vo =0, ve=%(p(y)) v
p(h)vik = (n = 2k)vi, p(y)vk = (k+ L)viy1, p(x)vk = (n— k + 1)vk_1

n 0 0 - 0 0
0 n—2 0 - 0 0
p(h) = S : :
0 0 0 —n+2 0
0 0 0 0 —n
0n 0 00
00 n—1 00
p)=| :
00 0 01

0 0 00
00 - 00
100 - 00

ply) = P :
000 -~ noO
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Theorem (2.3)

irreducible representation (p, V)

dimV = n+1 P =0, vi=%(p(y) v

n+1 _
Eigenvalues py)"™ v =0
—n 7n+2 n—2 n p(h)vk:(n*2k)vk
’ p(Y)Vk:(k—l-l)karl
p(X)vk = (n— k + 1)vk_1

a=2 o= a=2
*—e
Lo 2 0 w2 3 1 4143
g=[g, g] |
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Weyl Theorem

Weyl Theorem

Any representation V = @ k,V,,, V, irrep
n

Theorem

For any finite dimensional representation (p, V') the decomposition in
direct sum of irreps is unique. The eigenvalues of p(h) are integers.
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Weyl Theorem sl(2)

Casimir definition

(p, V) a representation of g = s[(2,C). The Casimir (operator) K,
corresponding to this representation is an element in End V such that

Ky, = p?(h) + 2 (p(x)p(y) + p(y)p(x)) ~ [K,,p(g)] = {0}

V =@ V), A are eigenvalues of K, ~ (p, Vi) is submodule of (p, V). J
X

Any representation (module) of g = sl(2, C) contains a submodule (p, V,),
which is an irreducible representation.

V.

The eigenvalues A of the Casimir (operator) are given by the formula
A =n(n+2), where n=10,1,2,3,....

Let V) the submodule corresponding to the eigenvalue A = n(n+ 2) of the
Casimir. If v € V), then we can found an irreducible submodule V,, of V)
and v € V,,. Therefore V\ =V, V,d---& V, = k,V,

—_—

k,times
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5[(376) = Spa’n(hh h27 X1, Y1, X2, Y2, X3, )/3)

[h1, h2] =0

[h1, x1] = 2x1,  [h1, ya] = =21, [x1, ya] = ha,
[h1, x2] = —x2, [h1, y2] = yo,

[h1, x3] = x3,  [h1, y3] = —ys,

[h2, x2] = 2x2,  [h2, yo] = =2y2, [x2, y2] = ho,
[h2, x1] = —x1, [h2, y1] = w1,

[h2, x3] = x3,  [h2, y3] = —ys,

[Xl, X2] = X3, [Xl, X3] = 07 [XQ, X3] =0
v1, o] = —y3, [v1, y3] =0, [v2, y3] =0
[x1, y2] =0, [x1, y3] = =y,

[x2, y1] = 0, [x2, y3] = y1,

[x3, 1] = —x2,  [x3, yo] = xq, [x3, y3] = h1 + h2

sl(2, C) subalgebras: span(hy, x 1, y1), span(hz, x 2, y»),
span(hy + h2, x 3, y3)
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Weights-Roots (1)

(p, V) is a representation of s[(3,C)

Def: | p= (my, my) is a weight <
dveV : p(h)v=mv,p(h)v = mav, v is a weightvector

Prop: ‘ Every representation of sl(3,C) has at leat one weight

Prop: |1 = (my, my) € Z2
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Weights-Roots (2)

Def: ‘If (p, V) = (ad, g) weight « is called root ‘

a = (a1, a2) ~ adp,z = a1z, adp,z = axz

Z = X1, X2, X3, Y1, Y2, ¥3

root rootvector

« Zy

(5] (2, —1) X1
(6%) (—1, 2) X2

a1 + ao (1, 1) X3
—a1 (—2,1) p4!
—a2 (1,-2) Y2
—Q1] — (2 (—1,—1) ¥3

Def: «; and ay are the positive simple roots
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Highest weight

Def: | h = span(hy, hp) is the maximal abelian subalgebra of s((3, C),
the Cartan subalgebra.

The weights 1 = (m1, m) and the roots o = (a1, a2) are elements of the

[]*

,LL(h,') = mj, a(h,-) = a;
p(h)v = p(h)v ~ p(h)pl(za)v = (u(h) + a(h)) plza)v

Def: | p11 = pig e~ i1 — 12 = a0y + bag, a > 0 and b > 0|

Def: | 1o is highest weight if for all weights (i ~ 1o = pu]
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Highest Weight Cyclic Representation

(p, V) is a highest weight cyclic representation with highest weight 1
iff

Q@ Jv eV p(h)v=puo(h)v, vis a cyclic vector

@ p(x1)v = p(x2)v = p(x3)v =0

@ if (p, W) is submodule of (p, V) and ve W ~» W=V
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Theorem (3)

If z1, z3, ...z, are elements of s((3,C) then

p(zn) - p(zn—1) - - - p(22) - p(z1) =

n
k: k k k, ki k¢ k ki
Chy kaseskg * P o (13)P 2 (y2)P L (y1)p ™ (h1)p"™® (h2)p"® (x3)p™7 (x2)p 8(><1)) =]

p=1  ky+kp+---+kg=p
ke ke k- k, ke ke k- kg
U kg kg P (73)P 2 (12005 (1) "4 ()" ()06 (x3)07 (0)p"8 (1) + ( order < n—1 terms )

kyt+ko+---+kg=n

order n terms
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Corollary (1)

Corollary

If z1, zo, ...z, are elements of sI(3,C) and (p, V) is a highest weight
cyclic representation with highest weight 1o and cyclic vector v then

p(zn) - p(zn-1) - p(22) - plz)v = ( ST dues 0P (130 (y2)p" (yl))v

p=1  L1+Lr+L3=p

and

V = span (p(v3)"2(2)p" (11)v, 4 € No)
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Theorem (4)

Every irrep (p, V) of sl(3,C) is a highest weight cyclic representation with
highest weight po = (m1, m2) and my >0, mp >0

v

Theorem

The irrep (p, V) with highest weight pg is a direct sum of linear subspaces
V,, where

p=po — (ko + laz + maz) = p— (Kag + Caz)

and k, £, m, k' and ¢’ are positive integers.
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Corollary (2)

The set of all possible weights i is a subset of 72 C R? ~»
The set of all possible weights corresponds on a discrete lattice in the real
plane
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s[(3, C) Fundamental Representations

Representation (1,0)

o oo
oo
ocoo
o oo
ocoo
o
o

plx) = {

| o
| oo

The dual of the representation (1,0) is the representation (0,1), i.e

L
(1,0)P = (0,1) The representation (1,0) ®(0,1) is the direct sum
(0,0)® (1,1)

0 } { 0 1 }
1 plx3) =
0 0 0

0 0 0 0 0
0 0| pm=|0 0 0
1 1 0

=l
o
o

0
0

o

ply1) = |:
0

o
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Weight Lattice for sl(3, C)

Let (p, V) the fundamental representation (1,0) then

p(s1(3,C)) = traceless 3 x 3 matrices
iso

Def: (r,s) = Tr (o(r) - p(s))

(x,y) is a non-degenerate bilinear form on g = sl(3,C)
& {(9) = {0} ~x=0}
< Det (xj, x7) # 0, where xx = h,x,y

(-,.) is a non-degenerate bilinear form on § =

{vueb* ~ Jh, b : u(h):(h,,,h)} = (h)~ch

1s0

Definition
V/,L,I/ € h* e (/"/7 V) E(hlhhl/)
def

(alval) = (0&2,0&2)

| —
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(hal’ hl) = CVl(hl) =2, (th? h2) = Oél(h2) =
(haza hl) = a2(h1) =-1, (hazv h2) = 052("’2) =2
hal - hla ha2 = h2

(a1,01) =2, (2,2) =2, (oq,0)=-1
HalH = HOZ2H = \/i, angle 10 = 1200
N A
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Fundamental weights (1)

pi(h) =1, pa(h2) =0, p2(h) =0, p2(h)=1
p1 = %041 + %Oéz, W2 = %Oél + %Ozz
lpall = [lall = /3, angle irfis = 60°

p=mip1+ map2, m; € No

/\/} AN 58
VAN

&2

A\VAVAVAVAVA
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Fundamental weights (2)

AN
<
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Chain (1)

p weight ~»3veV : plh)v = pu(h)v

~3peN, 1 vog=pP(xi)v #0 and p(x;)vo =0,

p(h)vo = (u(h) + pei(h))vo

~3q €Ny = vi = p(yi)P v # and p(yi)vi = p(yi)PT9t vy =0,
p(h)vi = (m(h) — qas(h))v1.

W= span (pp+q(yf)V07 pp+q_1(yi)V07 B p(yi)2V07 s ,p(}/i)VO, VO)

(p, W) is a 5[(2,C) submodule

Def: | If u is a weight and «j, i = 1,2,3 a root, a chain is the set of
permitted values of the weights

p—qai, pp—(q — ey, ..., p+ (p = L)ai, p+ pa;

The weights of a chain (as vectors) are lying on a line perpendic-
ular to the vertical of the vector «;. This vertical is a symmetry
axis of this chain.

Prop: | The weights of a representation is the union of all chains
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Theorem (Weyl transform)

Theorem (Weyl transform)

If 1 is a weight and « any root then there is another weight given by the
transformation

Sa(,u):,u—2EZ:Z;a and 28:2;62
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sl(3, C)-Representation (4,0)

AXERS,
v

PR
X

Fig. 5.6. Highest weight (4,0)
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sl(3, C)-Representation (1,2)

Fig. 5.4. Highest weight (1,2)
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sl(3, C)-Representation (2,2)

Fig. 5.5. Highest weight (2,2)
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Killing form

(p, V) representation of g Bp(x,y)déf Tr (p(x) o p(y))

Prop: | B, ([x, y], z) =B, (x, [y, z])
~ B, (adyx, z) + B, (x,ad,z) =0

Definition (Killing form)

B(Xa)/)dEGfBad(X,y) = Tr (ady o ady)

g =span (e, €, ..., ) ~

g =span(e', &, ..., e"), €(g)=¢.¢= (5J’-'

B(x,y) = Z ek.ad, o ad, e, = Z ek [x, [y, el
k=1 k=1
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Propositions (1)

Prop: |0 € Der(g) ~ B(3(x), y) + B(x,d(y)) =0

Prop: |7 € Aut(g) ~ ad,x = Toady o 7! ~ B(rx,7y) = B(x, y)

Prop: ‘ t ideal of g ~~» x,y € £ = B(x,y) = Be(x,y) ‘

Prop: | tideal of g, €5 ={x€g: B(x,t) = {0}} ~ & is an ideal.
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Def: | Derived Series

g(l) = D(g) = [g, 9]

g(k) is an ideal of g

Definition (Solvable Lie Algebra)

g solvable «~» IneN : g = {0}
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Exact sequence - extensions

Def: |exact sequence, a, b, g Lie spaces

a—“>g—)‘>b Im p = Ker A

Def: | g extension of b by a
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Solvable Lie Algebra

Def|Solvable Lie Algebra g solvable «~ I neN : g = {0}

Prop: | g solvable , ¢ Lie-subalgebra ~~ £ soIvabIe‘

Prop: | g solvable, ¢ : gLie;H>0mg’ ~ ¢(g) solvable

J solvable ideal
Prop: AND = g solvable
g/J solvable

Prop: ’ a and b solvable ideals = a + b solvable ideal ‘
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Theorem (5)

u X\ a solvable
a—>g—>b AND = g solvable
Im p = Ker A b solvable
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Theorem (6)

7 A
{O} a 1:1 g epi 7 b {0}
l/ y 7 iso
g/Ker A
Im p = Ker A
a solvable
g solvable = AND
b solvable
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Equivalent definitions

Theorem
(a) g solvable = g(" = {0}
(b) existsg=go D g1 Dg2D---Dgn=0
g; ideals and g;/g;+1 abelian.
(c) existsg=by D hy Dby D - Db, =0
b subalgebras of g
i1 ideal of b and b/’ abelian.
(d) existsg=hy Dh] Dh3 D ---Dhy =0
h? subalgebras of g
b, 1 ideal of b} and dim b7 /b, ; =

g solvable Lie algebra = Im ideal such that dim(g/m) =1 ]
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Theorem (7)

g solvable ~» ady C t(n,C). There is a basis in g, where ALL the
matrices ady, V¥V x € g. are upper triangular matrices.

o
>
)
—~
X
N—r
[}
[}
L]
[ J
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Definition
Rad(g) = radical = maximal solvable ideal = sum of all solvable ideals

Def: ‘%ab(g) ={0} e~ g semi—simple‘

Theorem (Radical Property)
Rad (g/Rad (g)) = {0} ~ g/Rad(g) is semisimple

Prop: ‘g =g1Dg2 ~ Rad(g) = Rad(g1) @ %ab(gg)‘
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Nilpotent Lie Algebras

®=9 o' =[ga., =[od],.... =0 0"~ g" ideals

Definition ’g nilpotent ~ g solvable‘

J

g nilpotent «~ g" =0

Prop: | g nilpotent <& Im : ady, cady, o---oady, =0 ~ (ady)” =0

Prop: | g nilpotent < Jg; ideals g=go D g1 Dg2 D - D g, = {0}
[9, 8i] C gi+1 and dimg;/git1 = 1

Prop: | g nilpotent =

3 basis €1, e, ..., e, where ady is strictly upper triangular

Prop: ’g nilpotent = B(x,y) = 0‘
Prop: ’g nilpotent ~~ Z(g) # {0}‘
Prop: ’ 9/Z(g) nilpotent ~~ g nilpotent
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Engel's Theorem (1)

Theorem ( Engel's theorem)

g nilpotent < dn : (ady)" =0
g nilpotent < g ad-nilpotent

Lemma

’ Caifj( Y — {(adx)zn _ O}

xeg~>x"=0
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Engel’s Theorem in Linear Algebra

g Cal(V)
Prop: and :{EIvGV:ngwxv:O}
xeg~x"=0

m Lie subalgebra of g

g—>g/m
xem ——\m —
PUNN | > =
step #1 (ady)™ = 0 adxl — (adx) 0
¥
g—>g/m

step #2  Induction hypothesis ~~ 3m ideal such that dimg/m =1
~g=Cxp+m

step #3 Induction hypothesis and g = Cxg + m ~~
U={veV : xem~ xv=0}# {0} e
dveV :V¥xeg~xv=0and guU C U
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Engel's Theorem (

Pro g C gl(V) and .
P xegwx =0

V=VWwWoVidVe---DV,=0, Viy1 =gV,
~ (g)"V =0~ xixox3- X, =0

V=VwoVWVidoVe---DV,=0, Viy1=gVisa flag

Theorem ( Engel's-theorem)

‘g nilpotent < 3n : (adx)" =0 ‘

Theorem

g nilpotent < exists a basis in g such that all the matrices ady, x € g
are strictly upper diagonal.

Prop: |g nilpotent = {x€g~>Trady =0} = B(x,y) =
Tr (adsad,) =0

(A.N.©.) Avarnopooctocels AlyeBpwv Lie 91 /131



Lie Theorem in Linear Algebra

Theorem (Lie Theorem)

g solvable Lie subalgebra of gl(V) = v e V : x € g~ xv = A(x)v,
A(x) e C

step #1
Lemma (Dynkin Lemma)
g C (V)
- awew

W={veV :Vaca~ av=AX\a)v}

step # 2|g and |[g, g] # {0}, = {Haideal ; g:Ceg—i-a}

step # 3| induction hypothesis on a ~~» Lie theorem on g
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g solvable and (p, V') irreducible module ~ dim V =1

g solvable and (p, V') a representation = exists a basis in V where all the
matrices p(x), x € g are upper diagonal.

v

Theorem

g nilpotent and (p, V') a representation = exists a basis in V' all the
matrices p(x), x € g satisfy the relation (p(x) — A\(x)I)" = 0, where
A(x) € C or the matrices (p(x) — A(x)I) are strictly upper diagonal.
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Propositions (2)

Prop: ‘g solvable = Dg = [g, g] is nilpotent Lie algebra ‘

(p,W)<(p,v):>p(X):( Wl =« )

0| V/W
Solvable
A1(x) * * * *
0 )\Q(X) * * *
_ 0 0 A3(x)  * =
=1 0 0 M(x) =
Nilpotent
Ax)  * * x %
0 Ax) = x ok
B 0 0 A(x) *x =
P¥) 0 0 0 Ax) =«
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Linear Algebra (1)

A€ EndV ~ M,(C)
pa(t) = Det(A — tl) = characteristic polynomial
pa(t) = (=1)" I (t =)™, 3> m; = n, \; eigenvalues
i=1 i=1
V=@V, Vi =Ker (A— MND)™ ~ pa(A) =0 and AV; C V;
i=1

Prop: Chinese remainder theorem

Q(t), (Q(0) # 0) and P(t), (P(0) # 0) polynomials with no com-
mon divisors, i.e (Q(t), P(t)) =1

3s(t), s(0) = 0 and r(t) polynomials such that s(t)Q(t) +
r(t)P(t) =1
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Linear Algebra (2)

Prop:

Prop:

Js;(t) and ri(t) ponnomiaIs such that
si(0)Qi(t) + ri(1) (£ = A)™ =1

( ) Z/’Llsl(t)Ql(t)j v € 'WS(A)V—/LJ
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Jordan decomposition (1)

Prop: Jordan decomposition
A€ gl(V) ~ A= As+ Ap, [As, An] = AsAp — ApAs =0
As diagonal matrix (or semisimple) and v € V; e Agv = Ajv,
A, nilpotent matrix (A,)" = 0, the decomposition is unique

Prop: | 3! p(t) and g(t) polynomials such that As = p(A) and A, =
q(A)

Ejj n x n matrix with zero elements with exception of the jj element,
which is equal to 1

[Eij, Exe] = 6jxEi¢ — 0i0Exj
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Jordan decomposition (2)

Prop:

Prop:

A= Z AiEji ~ The eigenvalues of ads are equal to \j — A,

s adafy = (M — ) g

adp = adAs + adAn and (adA)s = adAs, (adA)n e adAn
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Cartan Criteria (1)

{ g Cgl(V)

X,y €g ~ TI“(Xy) =0 } = [g, g] Dg = g'"/ nilpotent

Theorem ( 1st Cartan Criterion)
g solvable < Bpy = 0

B(g,g) = {0} ~> g solvable

B is non degenerate, a ideal of g ~ at = {x € g : B(x,a) = {0}} is an J
ideal.
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Cartan Criteria (2)

Theorem ( 2nd Cartan Criterion)

g semisimple < B non degenerate

a semi-simple ideal of g ~» g=a @ a

J_v aJ_

is an ideal.

Prop:

g semisimple, a ideal = g=a® at

g semisimple < g direct sum of simple Lie algebras

g= @ gi, @i is simple

1
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Cartan Criteria (3)

g semisimple = Det(g) = adg

g semisimple = g = [g, g] = Dg = g(! \

g semisimple, (p, V) a representation ~ p(g) C sl(V). ]
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Abstract Jordan decomposition

Prop: ‘g semisimple ~» Z(g) = {0}‘

Prop: | g semisimple ~ g ~ ad,
18O

Prop: 0 € Der(g), 0 = s + O, the Jordan decomposition
~ 05 € Der(g) and 9, € Der(g)

Theorem (Abstract Jordan Decomposition)

g semisimple ~ ad, = (ady), + (ady), Jordan decomposition and
X = Xs + Xp where xs € g, (ady), = ady, and x, € g, (ady), = ady,
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Toral subalgebra

g is semisimple

Definition semisimple element

Xs IS semisimple «~ Ix €g : X = X5 + Xp

Xs is semisimple element «w ad,_ is diagonalizable on g |

xs and ys semisimple elements xs + ys is semisimple and [xs, ys] is
semisimple.

Definition Toral/ Cartan subalgebra

Toral subalgebra h = {xs, x = xs + x, € g} i.e the set of all semisimple
elements

y

The toral or Cartan subalgebra is abelian \
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Lie epimorphism

¢ is a Lie epimorphism gi}g’ and g simple ~ g’ is simple and
epi

isomorphic to g.

¢ is a Lie epimorphism g i}g’ and g semisimple ~ g’ is semisimple.
epi

| A

Proposition

g semisimple, (p, V) a representation, x = xs + x, ~> p(x) = p(xs) + p(xn)
and p(xs) = (p(x)),, p(xn) = (p(x)), the Jordan decomposition of p(x)
~ p(xp)™ = 0 for some m € N.

There is some basis in V' where all the matrices p(xs) are diagonal and
all matrices p(x,) are either strictly upper either lower triangular matrices.
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Roots construction

g semi-simple algebra,

h = {xs, x € g, x = xs + x} Toral subalgebra or Cartan subalgebra,
h=Chy +Chy + ---Chy.

ady is a matrix Lie algebra of commuting matrices ~» all the matrices have
common eigenvectors

Y ;= eigenvalues of hj ~ g= || gx, 9 linear vector space
NET;
x € gy, ~ adpx = Aix and A; # v ~ gy, Ngy, = {0}

XEGn NN Ny, h=cih 4+ chy+ -+ cohy
adpx = (Cl)\l + Ao +-~'+Cg)\g)x

b* =Cur +Cpz+ - +Cpp, pi€b”, pi(hy) =4y

Definition of the roots

b* 2N = A1 + Aopo + -+ A~ C1A1+C2/\2+"'+Cg)\z=)\(h)
A is a root

XEG=0xN0xN---Ngy, ~ [hx]=adsx = A(h)x

g=[Jor, A#p~grngp={0}
A
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g semisimple algebra, h = {xs, x € g, x = xs + x,} Toral subalgebra
ady is a matrix Lie algebra of commuting matrices ~ all the matrices have
common eigenvectors

Theorem (Root space)

Exists root space /\ C b*

°g=h& ] ga

aEN
® X € go, h €~ adpx = [h, x] = a(h)x
@ N is a Lie subalgebra, g, are vector spaces

[ox, 0ul Corgp fA+pEA
Prop: |\, p € A~

[ox, 9] ={0} i A+pugA
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Semisimple roots

g semisimple Lie algebra, h Toral/Cartan subalgebra

Blgx,gu) = 0 if A+ 11 #0 |

hoh € b~ B(hH) = 3 mA(MA(R), ny = dim gy J
AEA

a €, x€gy~ (ady)” =0 ]

Proposition

The Killing form is a non degenerate bilinear form on the Cartan
subalgebra b

(heb, B(hb) =0} = {h=0}
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Killing form-non degenerate bilinear form on the Cartan

subalgebra

(VaeA, a(h)=0~ h=0} < {span(A)=h*} ]

{aeA=—acA} = {a€D~g_q{0}} ]

Killing form B non degenerate on hh ~ h* > ¢£> ty € b, ¢(h) = B(tg, h)
epi

X € Ga, Y € G—a ~ [X, y] = B(x,y)ta, ta € b is unique J

[Gaa G—a] = Ct,, a(ta) = B(taa ta)

2t,

by = ——2
C 7 Bl(ta, ta) w7

Sa = Chy + Cxo + Cy, ~51(2,C) J
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Propositions (3)

Prop: |dimg, =1

Prop:‘aEAand paEAwp:—l‘

So = Chy + Cx, + Cy, ~s1(2,C)

g=ba | | Cxa+Cyr)=bdg: g

aceAy
gr= || Cx, 9-= ] Cya
aEAL aEAL

Example g = s[(3,C)

h=Ch; +Chy, g+ =Cx; +Cxp+Cx3, g_ =Cy; +Cyr+Cys
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Strings of Roots

Belh, acA

BEAWgﬁ
BtaclA~gpra B-aclA~gg g
B+2a €A~ ggioa B—200€ A~ g on

B+pa€A~ggipa B—qaue A~ g ga
B+(p+lagA B-(g+1)agA

String of Roots
{B_qa7 6_(q_1)aa vy B_a7 /85 ,B+Oé, ,,8+(p—1)Oé, ﬁ+pa}
03 = 08-qaDIs—(g-1)a D DIs-aDIsDIs+aD D Is+(p—1)a P Is+pa

Prop: (ad, gg) is an irreducible representation of S, ~ sl(2,C)

180

Prop: (3,0 €A ~ B(ha)=q—p€Z B—PB(h)acA |
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Cartan and Cartan-Weyl basis

Cartan Basis

[Eou E—a] = ta, [hon Ea] = a(ta)Eom
[Ea, Eg] = kapEa+s, if a+p8 €A
B(Ea, E—a) =1, B(ta, tg) = atz) = p(ta)

A>a—t, root < H, = t, coroot

2
o(ta)

Cartan Weyl Basis

[Xa»Xfa] = Ha,
[Ho, Xo] = 2X0y  [Hay X—o] = —2X,,
[Xa, X5] = NopXorp, if a+Bel
CXo + CHatCX_o 2 51(2)
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Definitions-Propositions

Def: [(a, B) = Blta, t5) = a(ts) = A(ta) = (6, a)
Prop: <<B,a>>EM:q—peZ
(a, @)

Prop: |wa(f) =f— < B, a>a, wa(B) €A

Def: ‘Weyl Transform w, : A — A‘
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Propositions (4)

Prop:
Prop:
Prop:

Prop:

Prop:

Prop:
Prop:

B-agbw< B, a><0, |

5+a¢A-><<B,a>>>O‘

B(ha) =< B, a >€ Z, B(ha, hg) = > v(ha)y(hg) € Z
YEA

B(ha,ho) = 3 (€ a,7>)?>>0
YEA

[ERSAN andﬁ:Zc,-oz,-, aj €A~ e
i=1

A C spang(A) = Eg, Eg is a Q-euclidean vector space.

(o, B) = B(ta, t3) €Q, (,a) >0, (a,0) =0~ a=0
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Propositions (5)

Prop: There are not strings with five members «
< By a>=0,4+1,+£2,£3

(a, B) = [lee]] - [| 5]l cos &

< B, a>= 2Hm|l cosf =0,+1,+2,+3
«@

<o, B> < fB,a>=4cos?l

(<a.8>[<pa>] 0 [IBl/ll]

0 0 w/2

1 1 /3 1
—1 —1 21/3 1
1 2 /4 V2
-1 -2 3n/4| V2
1 3 /6 V3
-1 -3 57/6| V3
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Propositions (6)

s e N R s

{i1) (111} (iv)
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Simple Roots

A=roots is a finite set and spang (A) =<< A >>= E =R’ J

Proposition
E is not a finite union of hypersurfaces of dimension ¢ — 1

~~ E is not the union of hypersurfaces vertical to any root

dzeE : Vae A~ (a,z)#0

N

Definition of positive/negative roots

Ar={a €A : (o, z) > 0}, positive roots
A_={aeA : (o, z) <0}, negative roots

A=A, UA, A,NA_ =0

Definition of Simple roots

Y= {ﬁ € A, : is not the sum of two elements of A+}

40 )
Proposition
BeAy ~ B=3 n,0,n,>0n,€Z

oEX
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Coxeter diagrams (1)

"
aj & € = ———— = unit vector
(i, )
Y simple roots <> Admissible unit roots

Def: Admissible unit vectors A = {e1,¢€2,...€p}

© ¢; linearly independent vectors

Q@ i#j~ (ei,¢) <0

Q 4(ci,¢)* =0,1,2,3,
Coxeter diagrams for two points

d 0%  4(ej, ) =0
d o9 4(e ) =1
d o¢ 4(ei,ej)2 =2
d———ofi 4(6,’,6j)2:3
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Coxeter diagrams (2)

Prop: A=A — {¢;} admissible

Prop: The number of non zero pairs is less than n
Prop: The Coxeter graph has not cycles

Prop: The maximum number of edges is three

PI’OpZ If {617627 .. '7€m} € Aand 2(€ka€k+1) =-1,
|i—j| >0~ (ei,¢;) =0

e=> e => A =(A—{e1,e2,...,em})J{€e} admissible
k=1
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Rank 2 root systems

Root system A;xA; Root system A,

. G

N

7N

N

Root system B, Root system G,
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Dynkin diagrams

Name Diagram Rank
A o—0o—0 - - - - O—O0—=0 E= 015208,
B o—o—0 - - . - O—0O==D0 1=234,...
C{ o——0o—0 - - - - o_o%o 1=13,4,5,...
D ———0 o—c<z l=4,56

i . . P = 4,2,0,...
Gg Cé:) =2
Fy t)—O#D—O l=

4
Fg O—O—I—O—Q =6
Er O—O—O—I—O—O =7
Eg O—O—D—O—I—O—Q =8
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Serre relations

g= h@ng @g,, simple roots ¥ = {ay, a2,...,a,}

2
Xi € Ba;s Yi € 9—q;> B(Xi’yi) - W
Iy =01

h; = ha,- ~ Oz,'(h,') =2, a;(hj) Sy/

Serre Relations

(aj’ a,-)
(i, vf)

Cartan Matrix: a;; = aj(h;) =2

o [hi7 hj] =0

Q [hi, xj] = ajjx;,  [hi, yjl = —ajy;

Q [xi,yj] = 0jh;

o (adxi)l_aijxj =0, (a‘d}’i)l_aijyf =0

Example s[(3,C) Cartan Matrix =
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Weight ordering (1)

The weights p and the roots « are elements of the h*
heh, zy€ga

p(h)v = p(h)v ~ p(h)p(za)v = (u(h) + a(h)) p(za)V

Definition of weight ordering

1> p e g — fl2 =y, kaor, ko >0
aceAy
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Weight ordering (2)

If (, ) >0 ~a—p €A J
fa—BgA ~ (a,8) <0 J
Ifa, B €L ~ (a,8) <0 ]

Let s1o € spanA such that o (hg) = (tta, 8) = da,p, Where o, f € X
Ho = Z Nafhays Ne € NU{O}
acx

ﬂzzmaﬂaa Mg € Zy of Z—, = po
Q€Y
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Highest weight

Definition of Highest weight

po is highest weight if for all weights mu ~» pg > @

Def: |(p, V) is a highest weight cyclic representation with highest
weight pg iff

Q@ Jv eV~ p(h)v=ug(h)v, vis a cyclic vector

Q@ ac AL ~ p(xy)v=0

@ if (p, W) is submodule of (p, V) and ve W ~» W=V
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Highest weight representation

Theorem

Every irrep (p, V') of g is a highest weight cyclic representation with
highest weight po and po(hy) € N|J{0}, a € AL

Theorem

| \

The irrep (p, V) with highest weight pg is a direct sum of linear subspaces

V,, where
p=po— (Y k)

aEAL

and k., are positive integers.
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Chain (2)

w weight ~3veV : p(h)v=plh)yv
~3dp,q €Ny : (p,W)isag submodule

Def: |If 1 is a weight and a a root, a chain is the set of permitted

values of the weights

p—qo, p—(q—1)a,...,p+(p—1)a, p+ pa

The weights of a chain (as vectors) are lying on a line perpendic-

ular to the vertical of the vector a. This vertical is a symmetry
axis of this chain.

Prop: ’The weights of a representation is the union of all chains

Theorem (Weyl transform)

If v is a weight and « any root then there is another weight given by the

transformation

_, owa) (1, @)
So (1) = 2(0[7&) d 2(a,a)€Z
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